In this paper, the homotopy perturbation method (HPM) is developed to obtain numerical solutions of linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations. The fractional derivatives are described in the Caputo sense. Some examples are given and comparisons are made; the comparisons show that the homotopy perturbation method is very effective and convenient and overcome the difficulty of traditional methods. Numerical examples are presented to illustrate the efficiency, simplicity, and reliability of the method.
Introduction
In recent years, considerable interest in fractional differential equations has been stimulated due to their numerous applications in the areas of physics and engineering. Differential equations involving derivatives of non-integer order have shown to be adequate models for various physical phenomena in areas like rheology, damping laws, diffusion processes, etc. [1 -4] . This is more realistic and it is one reason why fractional calculus has become more and more popular.
Most fractional differential equations do not have exact analytic solutions, so approximation and numerical techniques must be used. Only approximate solutions can be derived using a linearization or perturbation method. For differential equations of integer order, the explicit and numerical solution has also for a long time been a standard topic in physics and mathematics. No analytical method was available before 1998 for such equations, even for linear fractional differential equations. In 1998, the variational iteration method (VIM) was first proposed to solve fractional differential equations with greatest success [4] . Many authors found VIM as an effective way to solve fractional equations, both linear and nonlinear [5, 6] . Momani and Odibat [7] , Ganji et al. [8] , and Yıldırım [9, 10] applied the homotopy perturbation method (HPM) to fractional differential equations and revealed that HPM is an alternative analytical method for solving fractional differential equations. Momani and Odibat [11] 0932-0784 / 10 / 1200-1027 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com and Odibat and Momani [12] compared the solution procedure between VIM and HPM. According to the fractal spacetime theory (El-Naschie's e-infinity theory), time and space are discontinuous, and the fractional model is the best candidate to describe such problems. Time-fractional equations always behave fascinatingly as illustrated in [13, 14] .
In this paper, the HPM is implemented to derive analytic approximate solutions to linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations. Recently, Momani and Noor [15] used the Adomian decomposition method for solving the governing problem.
The homotopy perturbation method was first proposed by the Chinese mathematician Ji-Huan He [16 -19] . The essential idea of this method is to introduce a homotopy parameter, say p, which takes values from 0 to 1. When p = 0, the system of equations usually reduces to a sufficiently simplied form, which normally admits a rather simple solution. As p gradually increases to 1, the system goes through a sequence of deformations, the solution for each of which is close to that at the previous stage of deformation. Finally at p = 1, the system takes the original form of the equation and the final stage of deformation gives the desired solution. One of the most remarkable features of the HPM is that usually just few perturbation terms are sufficient for obtaining a reasonably accurate solution. Considerable research works have been conducted recently in applying this method to a class of linear and nonlinear equations [20 -29] . The interested reader can see [30 -33] for the latest state of the development of HPM.
There are several definitions of a fractional derivative of order α > 0 [3, 34 -37] . The two most commonly used definitions are the Riemann-Liouville and the Caputo. Each definition uses Riemann-Liouville fractional integration and derivatives of whole order. The Riemann-Liouville fractional integration of order α is defined as
and the Caputo fractional derivative of order α is defined as
The Caputo fractional derivatives are considered here because it allows traditional initial and boundary conditions to be included in the formulation of the problem. In this paper, we consider the fourth-order fractional integro-differential equations, and the fractional derivatives are taken in the Caputo sense as follows. Definition 1.1. For m to be the smallest integer that exceeds α, the Caputo time-fractional derivative operator of order α > 0 is defined as
For more information on the mathematical properties of fractional derivatives and integrals one can consult the mentioned references. The paper is organized as follows. In Section 2, we extend the application of the homotopy perturbation method to construct our numerical solutions for the fourth-order fractional integro-differential equations. In Section 3, we present two examples to show the efficiency and simplicity of the method.
HPM Solutions of Fourth-Order Fractional Integro-Differential Equations
Consider the boundary value problem for the fourthorder fractional integro-differential equations
subject to the boundary conditions
The standard form of the fourth-order fractional integro-differential equations (1) can be written in terms of operator forms as
where D α x indicates the αth Caputo fractional derivative, and F(y(x)) is a nonlinear continuous function, γ, γ 0 , γ 2 , β 0 , and β 2 are real constants, f , g, and h are given functions that can be approximated by Taylor polynomials. Also, in this paper we use the inverse operator J α of D α x , then the boundary conditions are used. The general response expression contains a parameter describing the order of the fractional derivatives that can be varied to obtain various responses. In the case of α = 4, the fractional equation reduces to the classical fourth-order integro-differential equation.
To solve (4) by the homotopy perturbation method, we construct the following homotopy:
In view of HPM, we use the homotopy parameter p to expand the solution
Substituting (6) into (5) and equating the coefficients of like powers of p, we get the following set of fractional differential equations:
. . .
Applying the inverse operator J α of D α x to both sides of (7) - (11), the iterates are determined by the following recursive way:
where
and γ 1 = y (0) and γ 3 = y (0) are to be determined. The HPM series solutions generally converge very rapidly. For later numerical computation, let the expression
denote the N-term approximation to y(x). We note that at this stage γ 1 and γ 3 are still undetermined. Now imposing the boundary conditions (3) on (15) gives the system
from which the unknowns γ 1 and γ 3 can be found. Once we have the values for γ 1 and γ 3 , expression (15) serves as an approximate solution of (1) -(3).
Examples
To illustrate the solution procedure and show the feasibility and efficiency of the HPM, we have applied the method to two different examples with known exact solution for the special case α = 4. All the results are calculated by using the symbolic computation software Maple.
Example 1
At first,we consider the following linear fourthorder fractional integro-differential equation [15] :
The exact solution of (18), for the special case α = 4, is given by
According to the homotopy perturbation procedures (1) - (17) we now successively obtain the recursive homotopy perturbation algorithm
where the constants A = y (0) and B = y (0) are to be determined.
In order to avoid difficult fractional integration and to show the efficiency of the present method for solving fractional integro-differential equations, we can simplify the integrations by taking the truncated Taylor expansions for the exponential term in (22) :
Using the iterative algorithm (22) yields the 2-term approximation Table 2 . Approximate solution of (18) for different values of α.
where A and B can be determined using the boundary conditions (20) . Table 1 shows the values of A and B for different values of α. Setting α = 4 in (23), we reproduce the solution of [38] for the classical integro-differential equation. Table 2 shows the solution for different values of α. The value of α = 4 is the only case for which we know the exact solution and our approximate solution is in good agreement with the exact values. It is evident that the efficiency of this approach can be dramatically enhanced by computing further terms of approximate solutions and/or by taking more terms in the Taylor expansion for the exponential term.
The comparison of the exact solution (21) and the approximate solution (23) obtained using the homo- topy perturbation method, for the special case α = 4 is shown in Figure 1 . It can be seen from this figure that the solution obtained by the present method is identical with the exact solution.
Example 2
Next, we consider the following nonlinear fourthorder fractional integro-differential equation [15] :
subject to the boundary conditions Table 4 . Approximate solution of (30) for different values of α.
The exact solution of (24), for the special case α = 4, is given by
and the constants A = y (0) and B = y (0) are to be determined. In order to avoid the difficult fractional integration and to show the efficiency of the present method for solving fractional integro-differential equations, we can simplify the integrations by taking the truncated Taylor expansions for the exponential term in (28) :
Using the recursive algorithm (28) and (29) to calculate the polynomials for the nonlinear term F(y) = y 2 , we obtain the 2-term approximation where A and B can be determined using the boundary conditions (26) . Table 3 shows the values of A and B for different values of α. Setting α = 4 in (30), we reproduce the solution of [38] for the classical integro-differential equation. Table 4 shows the solution for different values of α. The value of α = 4 is the only case for which we know the exact solution and our approximate solution is in good agreement with the exact values. It is evident that the efficiency of this approach can be dramatically enhanced by computing further terms of the approximate solution and/or by taking more terms in the Taylor expansion for the exponential term.
The comparison of the exact solution (27) and the approximate solution (30) obtained using the homotopy perturbation method for the special case α = 4 is shown in Figure 2 . It can be seen from this figure that the solution obtained by the present method is identical with the exact solution.
Conclusion
In this paper, we used the homotopy perturbation method for finding the solution of linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations. The method was used in a direct way without using linearization, perturbation or restrictive assumptions. We showed that the HPM is a very efficient and powerful tool in finding the solutions of the fractional differential equations. It provides more realistic series solutions that converge very rapidly in real physical problems. In our paper, we use the Maple Package to calculate the functions obtained from the homotopy perturbation method.
